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Abstract
Scalar-tensor theory of gravity with nonlinear electromagnetic field, minimally coupled to gravity is considered
and static black hole solutions are obtained. Namely, power-law and Born-Infeld nonlinear Lagrangians for the
electromagnetic field are examined. Since the cosmological constant is taken into account, it allowed us to investigate
so-called topological black holes. Black hole thermodynamics is studied, in particular temperature of the black holes
is calculated and examined and the first law of thermodynamics is obtained with help of Wald’s approach.
1 Introduction
General Relativity is very successful theory with solid experimental grounds which confirm the theory with extremely
high precision. It explains physical phenomena on very wide space and time scales from planetary motion up to
the evolution of the Universe [1, 2]. In spite of its there are some open questions that still remain unsolved. Among
the most important open issues we distinguish dark energy/dark matter problem, origin of curvature singularities,
description of inflationary epoch which do not have consistent solution in the framework of standard General
Relativity and possibly open some windows (or bring some hints) for development more general theory of gravity
[3, 4]. We point out here that there are plenty of approaches to solve the mentioned puzzles, some of them suggest
radical revision of basic principles on which theory of gravity should be grounded, whereas other approaches are
more down-to-earth and consider just minimal modification of mainly successful General Relativity.
Scalar-tensor theories of gravity belong to the latter class of approaches where in addition to standard gravi-
tational degrees of freedom some new degrees of freedom are taken into account which are represented by scalar
fields. Among the different types of scalar-tensor theories so-called Horndeski gravity is worth of special attention.
Proposed several decades ago [5] Horndeski gravity has received considerable attention only in recent decade, when
string theory inspired models gave rise to the formulation of Galileon model [6]. We point out here that one of
the most attractive features of Horndeski gravity is the absence of ghosts due to the second order equations of the
theory.
It should be noted that the general structure of Horndeski gravity is quite complicated and it is supposed to be
the main obstacle that prevent applying it in its most general setup for solution and analysis of some particular
problems in cosmology and General Relativity. Thus some particular cases of general Horndeski Gravity are
usually used for this aim. Namely, the theories with nonminimal derivative coupling between gravitational and
scalar degrees of freedom has attracted considerable attention for recent years. This model was used for broad class
of problems in Cosmology and Physics of black holes. In particular, new cosmological solutions were found [7],
various aspects of inflation were studied [8, 9], new black holes’ solutions and many features of Black Hole Physics
were also examined [10, 11, 12, 13, 14].
Our work is devoted to black holes in the theory with nonminimal derivative coupling with additional material
field which are represented by nonlinear Lagrangians, namely we consider two types of nonlinear field, one of them is
so-called power-law case and the other one is of Born-Infeld type. We derive static black holes solutions, investigate
their main features and we also pay some attention to the thermodynamics of the obtained black holes. We also
point out that more about power-law case can be found in a recently published paper [14].
2 Field equations and their black hole solutions
The starting point in our work is an action integral which consists of several terms, namely it contains standard
Einstein-Hilbert term with cosmological constant, the second part corresponds to the scalar field which consists of
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two terms with minimal and nonminimal coupling to gravity and finally there is a contribution of the mentioned
gauge field (electromagnetic) which is minimally coupled to gravity. As a consequence the action can be written in
the form:
S =
∫
dn+1x
√−g
(
R − 2Λ− 1
2
(αgµν − ηGµν) ∂µϕ∂νϕ+ Lm
)
, (1)
where gµν and g = detgµν are the metric tensor and its determinant respectively, Gµν and R are the Einstein tensor
and Ricci scalar correspondingly, Λ denotes the cosmological constant, ϕ is the scalar field, nonminimally coupled
to gravity and finally Lm is the Lagrangian minimally coupled to gravity. As we mentioned in the introduction we
examine two types of nonlinear electromagnetic field, and the material Lagrangians can be written in the form:
Lm =


(−FµνFµν)p, PMI
4β2
(
1−
√
1 +
FµνFµν
2β2
)
, BI
(2)
and here the upper Lagrangian corresponds to the so-called power-law nonlinearity, whereas the lower one represents
well-known Born-Infeld Lagrangian.
Equations of motion can be easily derived from the action (1) with account of the matter Lagrangians (2). So
we write:
Gµν + Λgµν =
1
2
(αT (1)µν + ηT
(2)
µν ) + T
(3)
µν , (3)
and here we use the following notations
T (1)µν = ∇µϕ∇νϕ− 1
2
gµν∇λϕ∇λϕ, (4)
T (2)µν =
1
2
∇µϕ∇νϕR − 2∇λϕ∇νϕRλµ + 1
2
∇λϕ∇λϕGµν − gµν
(
−1
2
∇λ∇κϕ∇λ∇κϕ
+
1
2
(∇2ϕ)2 −Rλκ∇λϕ∇κϕ
)
−∇µ∇λϕ∇ν∇λϕ+∇µ∇νϕ∇2ϕ−Rλµκν∇λϕ∇κϕ, (5)
and T
(3)
µν denotes stress-energy tensor for electromagnetic field, the evident form of which depends on the type of
Lagrangian we consider. Namely, for power-law case we can write:
T (3)µν =
gµν
2
(
−FλκFλκ
)p
+ 2p
(
−FλκFλκ
)p−1
FµρFν
ρ, (6)
whereas for Born-Infeld type we have:
T (3)µν = 2β
2gµν
(
1−
√
1 +
FκλF κλ
2β2
)
+
2FµρFν
ρ√
1 + FκλF
κλ
2β2
. (7)
Equations of motion for the scalar and electromagnetic fields can be written as follows:
(αgµν − ηGµν)∇µ∇νϕ = 0. (8)
∇µ
(−Fp−1Fµν)) = 0 (PMI), ∇µ
(
Fµν√
1 + F/2β2
)
= 0 (BI), (9)
where F = FµνFµν .
We are going to obtain static solutions and corresponding metrics are supposed to take the form:
ds2 = −U(r)dt2 +W (r)dr2 + r2dΩ2(ε)(n−1), (10)
where dΩ
2(ε)
n−1 is supposed to be written as follows:
dΩ
2(ε)
(n−1) =


dθ2 + sin2 θdΩ2(n−2), ε = 1,
dθ2 + θ2dΩ2(n−2), ε = 0,
dθ2 + sinh2 θdΩ2(n−2), ε = −1,
(11)
and here dΩ2(n−2) is the line element of a n − 2 – dimensional sphere. We point out here that since we take into
account the cosmological constant it is possible to examine so-called topological black holes also, where the horizon
surface might be a surface of negative or zeroth curvature.
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We investigate only electrically charged black holes, so we suppose that the gauge potential takes simple form:
A = A0(r)dt Having chosen the form of the metric (10) and equations for electromagnetic field (9) one can easily
integrate them and as a result we can write:
Frt =
q
r(n−1)/(2p−1)
√
UW (PMI), Frt =
qβ√
q2 + β2r2(n−1)
√
UW (BI). (12)
The equation for the scalar field (8) can be easily integrated just for a once and for simplicity we assume that
αgrr − ηGrr = 0, for more detailed reasoning one might consult for example [11, 13, 14].
Now, using the evident form of the electromagnetic fields and the condition imposed on the Grr component, we
obtain the relations for the square of derivative ϕ′, product of the metric functions UW and finally write a relation
for the metric function U(r). For the power-law case we can obtain:
(ϕ′)2 = − 4r
2W
η(2αr2 + εη(n− 1)(n− 2))
(
α+ Λη +
2p−1(2p− 1)ηq2p
r2p(n−1)/(2p−1)
)
, (13)
UW =
(
(α− Λη)r2 + εη(n− 1)(n− 2) − 2p−1η(2p− 1)q2pr2(1−
p(n−1)
2p−1
)
)2
(2αr2 + εη(n− 1)(n− 2))2 , (14)
and finally the metric function can be represented in the form:
U(r) = ε− µ
rn−2
− 2Λ
n(n− 1)r
2 − 2p (2p− 1)
2q2p
(n− 1)(2p− n)r
2
(
1−
p(n−1)
2p−1
)
+
(α+ Λη)2
2αη(n− 1)rn−2
∫
rn+1
r2 + d2
dr + 2p−1
(2p− 1)(α+ Λη)q2p
α(n− 1)rn−2 ×∫
r
n+1−
2p(n−1)
2p−1
r2 + d2
dr + 22p−3
(2p− 1)2ηq4p
α(n− 1)rn−2
∫
r
n+1−
4p(n−1)
2p−1
r2 + d2
dr (15)
and here d2 = εη(n−1)(n−2)
2α
For Born-Infeld case we obtain:
(ϕ′)2 = −
4r2W
(
α+ Λη − 2β2η + 2βη
rn−1
√
q2 + β2r2(n−1)
)
η(2αr2 + εη(n− 1)(n− 2)) ; (16)
UW =
(
(α− Λη + 2β2η)r2 + εη(n− 1)(n− 2) − 2βη
rn−3
√
q2 + β2r2(n−1)
)2
(2αr2 + εη(n− 1)(n− 2))2 ; (17)
U(r) = ε− µ
rn−2
− 2(Λ− 2β
2)
n(n− 1) r
2 − 2β(α− Λη + 2β
2η)
α(n− 1)rn−2 ×∫ √
q2 + β2r2(n−1)dr +
(α+ Λη − 2β2η)2 + 4β4η2
2αη(n− 1)αηrn−2
∫
rn+1dr
r2 + d2
−
2β(α+ Λη − 2β2η)d2
α(n− 1)rn−2
∫ √
q2 + β2r2(n−1)dr
r2 + d2
+
2β2ηq2
α(n− 1)rn−2
∫
r3−ndr
r2 + d2
(18)
It should be pointed out here that the integrals in the relations (15) and (18) can be written in explicit form, but
some of them can be expressed with help of hypergeometric functions 2F1(a, b; c; z) only, in addition the final form
might depend on the parity of dimension of the space. We will give here the evident form of the integrals only for
Born-Infeld case, since for power-law case they are given in [14]. Namely, if n is odd, we write:
U(r) = ε− µ
rn−2
− 2(Λ− 2β
2)
n(n− 1) r
2 − 2β
2(α− Λη + 2β2η)
αn(n− 1) r
2
2F1
(
−1
2
,
n
2(1− n) ;
2− n
2(1− n) ;−
q2
β2
r2(1−n)
)
+
(α+ Λη − 2β2η)2 + 4β4η2
2αη(n− 1)


n−1
2∑
j=0
(−1)j d
2jr2(1−j)
n− 2j +
(−1)n+12 dn
rn−2
arctan
( r
d
)+ U (o)BI (r), (19)
and here the function U
(o)
BI (r) takes the following form:
U
(o)
BI (r) =
2β2ηq2
α(n− 1)


n−5
2∑
j=0
(−1)jr6−2n+2j
(4− n+ 2j)d2(j+1) +
(−1)n−32
dn−2rn−2
arctan
( r
d
)− 2β2(α+ Λη − 2β2η)d2
α(n− 1)
×
+∞∑
j=0
(−1)j
n− 2(j + 1)
(
d
r
)2j
2F1
(
−1
2
,
n− 2(j + 1)
2(1− n) ;−
n+ 2j
2(1− n) ;−
q2
β2
r2(1−n)
)
; (20)
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whereas for even n we obtain: and for even n we obtain:
U(r) = ε− µ
rn−2
− 2(Λ− 2β
2)
n(n− 1) r
2 − 2β
2(α− Λη + 2β2η)
αn(n− 1) r
2
2F1
(
−1
2
,
n
2(1− n) ;
2− n
2(1− n) ;−
q2
β2
r2(1−n)
)
+
(α+ Λη − 2β2η)2 + 4β4η2
2αη(n− 1)

(n−2)/2∑
j=0
(−1)j d
2jr2(1−j)
n− 2j +
(−1)n2 dn
2rn−2
ln
(
r2
d2
+ 1
)+ U (e)BI (r), (21)
and here
U
(e)
BI (r) =
2β2ηq2
α(n− 1)


n−6
2∑
j=0
(−1)jr6−2n+2j
(4− n+ 2j)d2(j+1) +
(−1)n−22
2dn−2rn−2
ln
(
1 +
d2
r2
)− 2β2(α+ Λη − 2β2η)d2
α(n− 1) ×[
+∞∑
j=0
(−1)j
n− 2(j + 1)
(
d
r
)2j
2F1
(
−1
2
,
n− 2(j + 1)
2(1− n) ;−
n+ 2j
2(1− n) ;−
q2
β2
r2(1−n)
)
+ (−1)n2 d
n−2
rn−2
×
(
+∞∑
j=1
(−1)j
j!
(
−1
2
)
j
(
q
β
)2j
r2(1−n)j
2(n− 1)j − ln
( r
d
))]
. (22)
It is worth being noted here that the evident form for the hypergeometric functions in the latter four relations is
valid when r > d and r2(n−1) > q2/β2, in other cases other forms of hypergeometric functions should be used. The
behaviour of the metric functions U(r) is demonstrated on the Fig.[1]. Both graphs share some common features,
namely for large distances AdS-term for any case is dominating and contribution from the electromagnetic fields
becomes negligibly small, so for this case (r →∞) the metric function behaves as follows:
U ∼ (α− Λη)
2
2αηn(n− 1)r
2. (23)
In contrast, for very small values of r the behaviour of the metric function depends on the types of material field,
horizon geometry and dimension, but in all the cases it is singular.
To characterize singularities of the metric we use Kretschmann scalar which can be written in the form:
RµνκλR
µνκλ =
1
UW
(
d
dr
[
U ′√
UW
])2
+
(n− 1)
r2W 2
×(
(U ′)2
U2
+
(W ′)2
W 2
)
+
2(n− 1)(n− 2)
r4W 2
(εW − 1)2. (24)
Examining the behaviour of Kretschmann scalar in the vicinity of horizon we can show that it takes finite value
and it means that there is an ordinary coordinate singularity as it should be for a black hole. It was noted above
that when r →∞ the metric function U(r) behaves as (23), thus Kretschmann scalar takes the form:
RµνκλR
µνκλ ∼ 8(n+ 1)α
2
n(n− 1)2η2 .
Finally, when r → 0 the Kretschmann scalar has very similar dependence of coordinate r, for power-law and
Born-Infeld cases, except n 6= 3, 4 and ε 6= 0 for Born-Infeld case. Namely, we can write:
RµνκλR
µνκλ ∼ 1
r4
.
If n = 4, in the dependence (25) we have additional logarithmically divergent factor, while for n = 3 the scalar
behaves as ∼ 1/r6, this can be explained by the dominance of other terms at small distances in this case. To sum
it up, we see that for both types of field and all geometries Kretschmann scalar is divergent at the origin and it
means that we have true physical singularity at this point.
3 Thermodynamics of the black holes
In this section we give short sketch of black hole thermodynamics for the obtained solutions in the theory with
nonminimal coupling. To examine thermodynamics we depart from black hole’s temperature which can be calculated
using standard approach of General Relativity, so it can be written is as follows:
T =
κ
2pi
=
1
4pi
U ′(r+)√
U(r+)W (r+)
. (25)
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Figure 1: Metric functions U(r) for power-law (the left graph) and Born-Infeld field (the right graph).
Figure 2: Black hole temperature for PMI case
Using the written above relation it is easy to find evident analytical expressions for the temperature, but we do not
write these final forms here because of the complicated forms we arrive at, instead we demonstrate the behaviour
of the temperature graphically. Namely, on the Fig.[2] the temperature as a function of horizon radius r+ is shown.
This figure demonstrates that for large horizon radii the temperature goes up almost linearly, it is caused by the
dominance of AdS-terms in this case. For small r+ the temperature decreases, but for some intermediate values
of r+ its behaviour is nonmonotonous, this fact might give some hints about criticality for such system, but we do
not investigate this issue here.
To examine thermodynamics of the black holes it is necessary to obtain the expression for the entropy and write
the first law of black hole’s thermodynamics. Since we consider the theory with nonminimal coupling the expression
for the entropy might take some other form than it is in the standard General Relativity. To obtain the expression
for the entropy we use well-established Wald’s approach [15], which can be treated as a variant of Noether method
which allows to find conserved quantities. According to the approach to obtain conserved quantities we start from
examination of the surface terms which appear when one performs variation of the action integral (1). We do not go
deeply into the details of corresponding calculations, but show the final relation which is of the crucial importance
here, namely it takes the form:
δH∞ = δH+ (26)
and here δH denotes the variation of the gravitational Hamiltonian and it can be written as follows:
δH = δ
∫
c
J(n) −
∫
c
d
(
iξΘ(n)
)
=
∫
Σn−1
δQ(n−1) − iξΘ(n), (27)
and here Q(n−1) and Θ(n) are some forms which are derived from the boundary term in the variation of the action.
Omitting the details of calculations we can write the variation of the Hamiltonian at the infinity, for both types of
field (power-law and Born-Infeld) we obtain:
δH∞ = δM −ΦqδQ, (28)
where we have:
M =
(n− 1)ωn−1
16pi
µ, (29)
is supposed to be the mass of the black holes and
Q =
ωn−1
4pi
2p−1q2p−1 (PMI), Q =
ωn−1
4pi
q (BI) (30)
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are the total electric charges of two types of black holes respectively. We point out here that the total charges (30)
can be calculated independently using Gauss law. At the horizon we obtain:
δH+ = (n− 1)ωn−1
16pi
U ′(r+)r
n−2
+ δr+ =
(
1 +
η
4
(ϕ′)2
W
∣∣∣
r+
)
Tδ
(A
4
)
. (31)
where A = ωn−1rn−1+ is the horizon area of the black hole. Finally, having used the relation (26) we can write:
δM =
(
1 +
η
4
(ϕ′)2
W
∣∣∣
r+
)
Tδ
(A
4
)
+ ΦqδQ. (32)
The written above equation is the first law of black hole thermodynamics, but there are some differences with the
first law in the framework of General Relativity, where entropy can be easily introduced as a quarter of horizon
area, here we cannot introduce the entropy in the same way unless the temperature is redefined. The relation for
the temperature is well-established, so relation for entropy should be modified and to obtain the modified relation
for entropy one should introduce additional “scalar charges” [12,14]. We introduce entropy as follows:
S =
(
1 +
η
4
(ϕ′)2
W
∣∣∣
r+
) A
4
, (33)
and “scalar charge” and corresponding to it “scalar potential” can be represented in the form:
Q+ϕ = ωn−1
√
1 +
η
4
(ϕ′)2
W
∣∣∣
r+
, Φ+ϕ = − AT
2ωn−1
√
1 +
η
4
(ϕ′)2
W
∣∣∣
r+
. (34)
Having defined entropy, “scalar charge” and corresponding potential we can represent the first law of the black hole
in the following form:
δM = TδS +Φ+ϕ δQ
+
ϕ + ΦqδQ. (35)
The relation for entropy (33) allowed us to develop consistent thermodynamics, and to obtain modified form for
the first law (35). But there is an obstacle against introduced form for the “scalar charge”, namely the action (1)
is shift-symmetric ϕ→ ϕ+C and it means that some conserved charge which reflects this symmetry should exist,
but in the black hole solutions we have derived there is no “charge” which corresponds to this symmetry. This
fact might be explained by a specific condition imposed on the component of Einstein tensor Grr while integrating
the equation for the scalar field. Nevertheless the first law of thermodynamics and corresponding values for the
black hole’s mass, temperature and entropy are consistent, the possible doubts regarding the definition of entropy
and “scalar charge” can be removed by some independent way of derivation of thermodynamic values, for instance
applying Euclidean technique, but it will be performed elsewhere.
4 Conclusions
In this work topological static black hole solutions in the theory with nonminimal derivative coupling between scalar
field and gravity and with additional nonlinear electromagnetic field minimally coupled to gravity are obtained.
Detailed analysis of the metric function U(r) shows that its behaviour at infinity is of AdS-type, whereas at the
origin all the solutions have the point of physical singularity, what is typical for black holes.
We also give brief sketch of some aspect of black hole thermodynamics. Firstly, temperature of black holes was
calculated and even short glance on the dependence of the temperature shows that some critical behaviour might
take place for the black holes. To derive the first law of black hole thermodynamics we have used Wald’s procedure
which is applicable to quite general diffeomorphism-invariant theories. In contrast with the standard case we are
not able to define the entropy of the black hole as a quarter of the horizon area, because an additional factor in the
first term of (32). There are two simplest ways to define the entropy, namely to keep the standard relation from
General Relativity, but modify the relation for the temperature and the other way is to define a new relation for
the entropy, but the price we have to pay here is to introduce additional “charges” as it was performed in [12, 14].
Here we follow the second way, namely we introduce relation for entropy (33), define “scalar charge” together
with corresponding “scalar potential” and finally derive new relation for the first law (35), all these relations are
consistent, but as we noted at the end of the previous section there are some drawbacks related to definition of the
“scalar charge”. This vagueness as it was also noted above can be removed when one uses an independent way to
obtain thermodynamic values.
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